The k-essence emergent Reissner-Nordstrom-de Sitter spacetime has exactly mapped on to the Robinson-Trautman (RT) type spacetime with cosmological constant Λ for certain configuration of k-essence scalar field. Theoretically, we evaluated that the thermodynamical quantities for the RT type emergent black hole is different from the usual one in the presence of kinetic energy of the k-essence scalar field i.e., the dark energy density. We restrict ourselves into the fact that the dark energy density (K) is to be unity, then the effective temperature and pressure both are negative for the RT type emergent black hole which implies that the system is thermodynamically unstable when the charge Q = 0 and the emergent spacetime is only dark energy dominated and it does not radiate when Q = 0. The thermodynamically unstable situation is physically plausible only when we consider spin degrees of freedom of a system. We have made this analysis in the context of dark energy in an emergent gravity scenario having k-essence scalar fields φ with a Dirac-Born-Infeld type lagrangian. The scalar field also satisfies the emergent equation of motion at r → ∞.
I. INTRODUCTION
The differences between the k-essence theory with noncanonical kinetic terms and the relativistic field theories with canonical kinetic terms are that nontrivial dynamical solutions of the k-essence equation of motion not only spontaneously break Lorentz invariance but also, change the metric for the perturbations around these solutions. Thus the perturbations propagate in the so-called emergent or analogue curved spacetime [1] [2] [3] [4] [5] with the metric which is different from the gravitational one. The emergent gravity metricG µν is not conformally equivalent to the gravitational metric g µν . The general form of the lagrangian for k-essence model is: L = −V (φ)F (X) where φ is k-essence scalar field, X = 1 2 g µν ∇ µ φ∇ ν φ and does not depend explicitly on φ to start with [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The Lagrangian for k-essence scalar fields contain non-canonical kinetic terms. Relevant kinds of literature [12] - [26] for such fields discuss issues on cosmology, inflation, dark matter, dark energy and strings.
Research interest in the context of the Hawking radiation as well as the thermodynamics of black holes has gained momentum in several years. Based on a specific Dirac-Born-Infeld [27] [28] [29] model for the k-essence scalar field and specific standard physical black hole spacetimes such as Schwarzschild, Reissner-Nordstrom, the emergent spacetime is establishing conformal invariance with the * goutammanna.pkc@gmail.com † bivashmajumder@gmail.com ‡ ashoke.avik@gmail.com
Barriola-Velenkin, Robinson-Trautman (RT) type spacetimes [6, 7] and for the Kerr, Kerr-Newman and Kerr-Newman-AdS background, the emergent metrics are satisfying Einstein equation for large r along θ = 0 [7, 8] . Also, in the above references, the authors have established the modification of the Hawking temperature [30] - [44] in the presence of dark energy in an emergent gravity scenario.
Researchers [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] focus on the thermodynamics of black holes with cosmological constant Λ and describe thermodynamical first law of black hole horizon spacetimes with Λ, through the mechanical first law (MFL). The MFL is a geometrical relation and it relates the variations of the mass parameter, horizon area and other supplemental quantities. For example, the MFL of the Schwarzschild black hole is equivalent to its thermodynamical first law by using the mass as the only variable which describes the effect of a single horizon on the MFL. The mass parameter M and the cosmological constant Λ are regarded as two independent variables in the MFL for spacetimes with a cosmological constant Λ which possess the black hole event horizon (BEH) and cosmological event horizon (CEH). Also, in [56, 57] , the authors have studied the thermodynamics and phase structure of the de Rham, Gabadadze, and Tolley (dRGT) massive gravity [58, 59] spacetime. They have evaluated the mass, temperature and entropy of the dRGT black hole, and also performed thermodynamical stability analysis. They have shown that the presence of the graviton mass completely changes the black hole thermodynamics. They also have discussed how the linear term γr in the metric, which is the unique character of the dRGT massive gravity, affected the structure of the spacetime.
In this work, we investigate theoretically the thermodynamical behaviour of a black hole in the presence of dark energy in an emergent gravity scenario for the Reissner-Nordstrom-de Sitter background using the kessence model. Mention that one class of theoretical model to investigate the effects of the presence of dark energy on cosmological scenarios are k-essence models where background metrics are the usual gravitational metric. We find here the emergent spacetime in the presence of dark energy can be mapped on to the Robinson-Trautman(RT) type spacetime with cosmological constant Λ. Also, we find when the charge Q = 0 and the dark energy density is constrained to be unity then Hawking temperature is zero and when the charge Q = 0, the temperature is negative i.e. this RT type of emergent spacetime is thermodynamically unstable. So we can say that the thermodynamics of this RT type black hole is different from [7] . Note that in the Ref. [7] , when the dark energy density is unity this black hole has zero Hawking temperature also but the charge Q is non-zero. Also, we clearly mention that in this work we can not study the massive gravity in the context of the emergent gravity scenario.
The paper is organized as follows: we are briefly describe the k-essence theory and emergent gravity [1] [2] [3] [4] [5] whereG µν contains the dark energy field φ and this should satisfy the emergent gravity equations of motion in section 2. Again, forG µν to be a blackhole metric, it has to satisfy the Einstein field equations. In section 3, we have shown that the emergent gravity metric having background metric is Reissner-Nordstrom-de Sitter (RNdS) mapping on to Robinson-Trautman (RT) type metric with cosmological constant Λ. So Einstein field equation is automatically satisfied. The k-essence scalar field φ is also satisfied emergent gravity equation of motion at r → ∞. In section 4, we discuss the first law of thermodynamics in the context of dark energy and calculate the various thermodynamical quantities of RT type emergent spacetime with cosmological constant Λ. The last section is the conclusion of our work.
II. BRIEF REVIEW OF THE K-ESSENCE AND EMERGENT GRAVITY
In the k-essence theory, the action is
where X = 1 2 g µν ∇ µ φ∇ ν φ, g µν is the gravitational metric and φ is the k-essence scalar field. The energy momentum tensor is
L X = dL dX , L XX = d 2 L dX 2 , L φ = dL dφ and ∇ µ is the covariant derivative defined with respect to the metric g µν .
The equation of motion is
and 1 + 2XLXX LX > 0. The emergent gravity metricG µν is not conformally equivalent to the gravitational metric g µν for the nontrivial configurations of the k-essence field φ, ∂ µ φ = 0 (for a scalar field,∇ µ φ ≡ ∂ µ φ ), hence for the k−essence theory, the characteristics are do not coincide with those ones for canonical scalar field the Lagrangian of which depends linearly on the kinetic term X. So this k-essence field φ has properties different from canonical scalar fields defined with g µν and the local causal structure for this field is different from those one defined by metric g µν .
Carrying out the conformal transformation
A further conformal transformation [6, 7] 
Note that here always have L X = 0 for the sound speed c 2 s to be positive definite and only then equations (1)−(4) will be physically meaningful. This can be seen as follows. L X = 0 means that L independent of X so that in equation (1), L(X, φ) ≡ L(φ). Then L becomes pure potential but k−essence fields correspond to such type of lagrangians where the kinetic energy dominates over the potential energy. Also the very concept of minimal coupling of φ to g µν becomes redundant and equation (1) meaningless and equations (4-6) ambiguous.
Again, if we consider L is not an explicit function of φ then the equation of motion (3) is reduces to:
We shall take the Lagrangian as L = L(X)
This is a particular type of the Dirac-Born-Infeld (DBI) [27] [28] [29] lagrangian
for V (φ) = V = constant and kinetic energy of φ >> V i.e.(φ) 2 >> V . This is typical for the k-essence field where the kinetic energy dominates over the potential energy. Then c 2 s (X, φ) = 1 − 2X. For scalar fields ∇ µ φ = ∂ µ φ. Thus (6) becomes We consider the gravitational metric g µν to be Reissner-Nordstrom-de Sitter (RNdS) and denote
The line element of RNdS metric [45-47, 60, 61] is
where M is the mass of the black hole, Q its charge and Λ is the cosmological constant (Λ > 0) and
Assuming that the k-essence field φ(r, t) is spherically symmetric, one has to obtain from (9)
The emergent line element is
Now making a coordinate transformation such as [6, 7, 62] :
and we chooseφ
Then the line element (13) becomes
Let us assume a solution to (15) of the form φ(r, t) = φ 1 (r) + φ 2 (t). Then (15) reduces tȯ
K( = 0) is a constant (K = 0 means k-essence field will have non-zero kinetic energy). From (17) we getφ
where
and
Now we clarify the parameters of the above equation (17) in equation (16) we get the emergent line element
with ǫ = (1 − K) = constant. Now we are using the Eddington-Finkelstein coordinates (v, r) or (u, r) i.e., introducing advanced and retarded null coordinates v = ω + r * ; u = ω − r * ;
Then from (21) we get
For the solution (18) of φ(r, t), the line element (21) and (23) are analogous to the Robinson-Trautman (RT) type metric with cosmological constant Λ ( [60] , , Chapter-28). The Λ parameter comes from the background RN-de Sitter gravitational metric. This RT type spacetime contains surfaces of constant positive, zero or negative Gaussian curvature according to whether ǫ = +1, 0, −1 respectively.
In our case ǫ = +1 since if ǫ = 1 then K =φ 2 2 = 0 which implies dark energy is absent but in the k-essence theory, dark energy density (in unit of critical density) i.e. kinetic energy of the k-essence scalar field can not be zero. Also, ǫ = −1 since if ǫ = −1 then K = 2 but the total energy density cannot exceed unity (Ω matter + Ω radiation + Ω darkenergy = 1). Although ǫ = 1 is a valid solution in every spherically symmetric mass distribution starting from earth, star, etc. even in the presence of the cosmological constant. So, for the above reasons, the RT type emergent solution of the Einstein equation provided us ǫ = 0 i.e., K = 1 which implies Ω darkenergy = 1 and the other energy densities are taken to be zero. So we can consider this is the special case where the emergent spacetime is only dark energy dominated. This is one possibility for satisfying the Einstein equation in the context of emergent spacetime. Here we have shown that the total energy density cannot exceed unity by mentioning the relation Ω matter +Ω radiation +Ω darkenergy = 1 [7] only to get the permissible values of ǫ i.e., K and most importantly we are not relating it with Friedmann-Lemaitre-Robertson-Walker (FLRW) metric since we have not considered FLRW spacetime as a background.
Note that dark energy density (K) i.e., K.E. of the k-essence scalar field is the essential property of the kessence theory which can not be redefined with the radial coordinate r to absorb the ǫ. Also, the case K=1 of (21) does not seem to have a Newtonian limit [63] , which makes it unsuitable for describing astrophysical objects. However, this may not be suitable as an astrophysical object but still, it is a consistent solution to Einstein's equation.
Also, mention that the emergent line element (21) or (23) is not the dRGT type massive gravity [58, 59] line element. In a massive-gravity model [56, 57] , all the physical parameters depend on graviton mass m g and in the line element, present the linear term of r in addition to the cosmological constant. But in our case, there is no linear term of r is present in the line element (23) . Here we are mapping the emergent gravity spacetime in the context of dark energy for a particular type of k-essence scalar field (18) with the RT type spacetime only.
Note that the solution φ(r, t) (18) is satisfied emergent gravity equation of motion (7) at r → ∞:Ḡ 00 ∂ 2
The first term vanishes since φ 2 (t) linear in t and second term within third bracket vanish at r → ∞ because 2nd term = − √ K 2 (3ǫr 2 −6Mr+3Q 2 −Λr 4 )(6Λr 4 −18Mr+18Q 2 ) 3r(Λr 4 −3r 2 +6Mr−3Q 2 ) 2 and the third and fourth terms vanish becauseḠ 01 =Ḡ 10 = 0 and the last two terms vanish since φ is not dependent on θ and Φ in this case.
IV. THERMODYNAMICS OF ROBINSON-TRAUTMAN TYPE METRIC WITH COSMOLOGICAL CONSTANT Λ
We rewrite the RT metric (21) with cosmological constant Λ as
At the horizon F (r) = 0, which admits the quartic equation of r. The roots are
Depending upon the values of parameters M, Q, Λ and ǫ we can denote the roots are r cd , r +d , r −d , r 4d in the presence of dark energy. The order of roots are r cd > r +d > r −d > r 4d where r 4d < 0. The root r cd denotes the location of the cosmological event horizon, r +d denotes the location of the black hole event (outer) horizon and r −d denotes the location of the Cauchy (inner) horizon of this black hole spacetime (24) [46, 47] . Note that r 4d does not correspond to a physical horizon in this spacetime.
The equations
and F (r cd ) = 0 = Q 2 − 2M r cd + r 2 cd (ǫ − Λ 3 r 2 cd ) (28) are rearranged in terms of r cd and r +d as
The surface gravity on the black hole and the cosmological horizons are
The first law of thermodynamics for the black hole horizon and the cosmological horizon are expressed as [46, 48-51, 54, 55] :
where S +d = πr 2 +d , S cd = πr 2 cd , ϕ +d = Q/r +d , ϕ cd = −(Q/r cd ), V +d = 4π 3 r 3 +d , V cd = 4π 3 r 3 cd and P = − Λ 8π . This law means that total energy of the black hole system is conserved.
In [46, 47, 52] obtained that the outgoing rate of the charged de Sitter spacetime which radiates particles with energy ω is Γ = e (∆S +d +∆S cd ) where ∆S +d and ∆S cd are Bekenstein-Hawking entropy difference in the presence of dark energy corresponding to the black hole horizon and the cosmological horizon after the charged de Sitter spacetime radiates particles with energy ω. Therefore, in this context, we can say that the thermodynamic entropy of the RT type spacetime in the presence of dark energy is the sum of the black hole horizon entropy and the cosmological horizon entropy (as in [46, 47] ):
substituting the values of δS +d and δS cd from equations (33 and 34) in equation (35) we get
For the sake of simplicity, we consider the uncharged case, then the above equation (36) become
Differentiating equations (27) and (28) and using equations (31) and (32) we get
The thermodynamic volume [46, 48, 53] of RT type spacetime (24) is given as
Now substituting the values of dr +d and dr cd in (40) we get
Using equations (37) and (41), one can derive the thermodynamic equation [46, 53] 
The effective temperature T d ef f is 
where y = r +d r cd and 0 < y < 1. Because of the temperature and pressure are positive definite for ordinary laboratory systems, it is natural that the thermodynamical stability should express appropriately and it should satisfy the following requirement: T d ef f > 0 and P d ef f > 0. But in our case, we are restricting the value of ǫ is ǫ = 0 i.e. K = 1, which implies the following situations: a) For Q = 0, it is evident from (43) and (44) that the effective temperature and pressure are negative. Negativity of pressure indicates that the universe is dark energy dominated whereas negative temperature stands for a thermodynamically unstable system. So in this situation, for the restriction of the dark energy density limiting to unity, RT type spacetime (24) is thermodynamically unstable though this type of spacetime is a valid solutions of Einstein's field equation. We can describe this type of situation as per Ref. [64] : thermodynamically unstable situation is physically plausible only when we consider spin degrees of freedom of a system without taking translational degrees of freedom (i.e., coordinates and momenta of the system) into account. Based on this consideration the number of possible spin states, at first, increase with energy leading to a maximum and finally decreases again. This feature indicates that the absolute spin temperatures may be negative as well as positive. So we can infer that the RT type black hole (24) can be projected as a physical reality only by considering spin degrees of freedom an exceptional condition.
b) Another condition: if ǫ = 0 and Q = 0 then we see that from (43) and (44) the effective temperature and pressure are both zero. Zero temperature means that the RT type black hole (24) does not radiate and zero pressure means the volume-thermodynamic system becomes area-thermodynamic since horizons have nonzero area. Now we are considering the problem when the black hole event horizon and the cosmological event horizon are independent of each other i.e., the two horizons are coincide [46] , then,
From above equation (45) we can see that r 2 0d = iQ √ Λ i.e., imaginary horizon since in our case the dark energy density is to be unity (K = 1) i.e., ǫ = 0. Again from (31) and (32) we see that the surface gravity of the two horizons are zero as two horizons are coinciding. Thus the temperatures of both horizons are zero in the presence of dark energy when two horizons are coincided. However, both horizons have the nonzero area, which means that the entropy for the two horizons should not be zero.
V. CONCLUSION
We have investigated the thermodynamics of a black hole in the context of dark energy in an emergent gravity scenario using k-essence model for Reissner -Nordstrom -de Sitter background. The emergent gravity spacetime has to be conformally invariant with the Robinson -Trautman type spacetime with cosmological constant Λ. The evaluated thermodynamical quantities like surface gravity, area law, temperature, pressure etc. are different from the usual ones. As our restriction of the emergent spacetime (23), taken to be the dark energy density i.e., the kinetic energy of the k-essence scalar field is unity, the RT type emergent black hole does not radiate when Q = 0 and when Q = 0 the system possess thermodynamically unstable equilibrium.So we can say that the RT type emergent black hole (23) is thermodynamically unstable in the presence of dark energy and which can be projected as a physical reality only by considering spin degrees of freedom an exceptional condition. Also, for this restriction in the RT type emergent metric (23), we conclude that this type of spacetime is only dark energy dominated as a special consideration since it is a valid solution of the Einstein equation.
